FREE ABELIAN QUOTIENTS OF COMMENSURATORS

ADRIEN LE BOUDEC

ABSTRACT. For every group I', we define a homomorphism d' : Comm(I") —
7S from the abstract commensurator Comm(T") to the free abelian group yASE)
with basis the collection FS of isomorphism classes of finite simple groups. We
investigate the homomorphism d' when T is a finitely generated free group F. We
explicitly describe the image of d¥ : Comm(F) — Z7S), which is a free abelian
group of infinite rank, and we show that the kernel is the monolith of the group
Comm(F). We deduce in particular that every proper quotient of Comm(F) is
abelian.

We use this to study the commensurator of a cocompact lattice in the automor-
phism group of a regular tree, which can be seen as a subgroup of Comm/(F). We
show that the image of this group under d¥ is again a free abelian group of infinite
rank, showing in particular this group is not virtually simple.

1. INTRODUCTION

1.1. The commensurator of a cocompact tree lattice. Let T; be a regular tree
of degree d > 3. The group Aut(7,) of automorphisms of Ty is a locally compact and
totally disconnected group. By a theorem of Tits, the index two subgroup of Aut(7y)
consisting of type preserving automorphisms of T, is a simple group [Tit70]. Recall
that for a locally compact group G and a discrete subgroup I', the commensurator
of I' in G is the subgroup Commg(I') consisting of elements g € G such that I’
and gI'g~! are commensurable; where two subgroups are called commensurable if
their intersection has finite index in each one of them. The study of lattices and
their commensurators in automorphism group of trees emerged at the beginning of
the 90’s, partly motivated by developments about lattices and their commensurators
in connected semi-simple Lie groups. Two classical results due to Margulis in the
latter situation are the arithmeticity criterion and the commensurator super-rigidity
theorem. The arithmeticity criterion asserts that if I' is an irreducible lattice in a
connected semi-simple Lie group G with trivial center and no compact factor, then
' is arithmetic if and only if Comme(I") is a dense subgroup of G [Mar91l, Chap. IX
(1.9)]. The commensurator super-rigidity theorem asserts that every Zariski dense
linear representation of Commg(I") in a simple algebraic group over a local field is
either bounded in restriction to I', or extends to a continuous representation of G
[Mar91l, Chap. VII Th. 5.4].

For G = Aut(Ty), the automorphism group of a regular tree, a theorem of Leighton
and Bass—Kulkarni asserts that if A, I" are cocompact lattices in GG, then there is g € G
such that gAg~! and I' are commensurable [Lei82, BK90]. In particular Commg(A)
and Commg(I") are conjugate in GG. Hence there is, up to isomorphism, only one
commensurator of a cocompact lattice in G. Bass—Kulkarni showed that Commg(I")
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is dense in G [BK90]. Lubotzky-Mozes-Zimmer showed a commensurator super-
rigidity theorem, namely that any minimal action of Commg(I") on another tree T is
either bounded in restriction to I', or extends to a continuous action of G [LMZ94].
Lubotzky raised the problem whether I' has the congruence subgroup property in
Commg(I"), and this was solved in the affirmative by Mozes [Moz98].

Pursuing the similarity with the setting of arithmetic groups and by analogy
with the Margulis-Platonov conjecture, Lubotzky—Mozes—Zimmer raised the prob-
lem whether the type preserving index two subgroup Commg(I')* of Commg(T) is
a simple group [LMZ94]. Recall that a group C is called monolithic if Mon(C) :=
w1 N, the intersection of all non-trivial normal subgroups of C, is non-trivial.
When this holds, Mon(C) is called the monolith of C, and it is the unique smallest
non-trivial normal subgroup of C'. Lubotzky-Mozes—Zimmer and Caprace showed the
group Commg(I') is monolithic, and that the monolith of Commg(I") contains a fi-
nite index subgroup of I' [LMZ94], Proposition 5.1], [Cap20, Theorem A.1]. Moreover
Caprace showed that the monolith of Commg(T") is a simple group [Cap20, Theorem
A.1]. In that language the problem whether Commg(T")* is a simple group is equiv-
alent to asking whether Comme(I')* is the monolith of Commg (I'). We answer this
problem in the negative. More precisely, we prove the following theorem:

Theorem 1. Let I' be a cocompact lattice in G = Aut(T;). Then the commensurator
Commg(I") of T' in G admits a proper quotient that is free abelian of infinite rank.
In particular Comme(T') is not virtually simple.

For T' and C' = Commg(T") as in the theorem, there is a natural locally compact
group associated to the pair (I', C'), namely the completion C/T" of C' with respect
to I'. The group C/T is implicit in [Moz98|]. It appears explicitly in the work of
Creutz—Shalom [CS14], as well as in the aforementioned work of Caprace [Cap20].
More recently, the group C/T' (and more generally the completion of a subgroup
containing and commensurating I') played an important role in the work of the author
and C. Reid [LBR26]. Theorem [I{ above can be equivalently stated saying that the
group C//T" admits an open normal subgroup such that the associated quotient is a
free abelian group of infinite rank: see Corollary [£.8

1.2. The abstract commensurator of a free group. In the course of the proof
of Theorem |1} the group Commg(T") is profitably seen as being a subgroup of the ab-
stract commensurator of I'. We recall the definitions. If I' is a group, an isomorphism
@ : A — B between finite index subgroups A, B of T is called a virtual isomorphism
of I'. The abstract commensurator of I' consists of virtual isomorphisms of I', modulo
the equivalence relation that identifies two of them if they agree on a common finite
index subgroup of their domains (see . It forms a group, denoted Comm(I"),
whose isomorphism class is insensitive to passing from I' to a finite index subgroup.

If " is a subgroup of a group G, there is a natural homomorphism Commg(I') —
Comm(I"). In certain situations, rigidity results assert that this homomorphism is
surjective, or at least that the image is a finite index subgroup of Comm(I'). An
iconic illustration of such a result is Mostow rigidity: whenever I' is an irreducible
lattice in a connected semi-simple Lie group G with finite center and no compact
factor, and G is not locally isomorphic to SL(2,R), then Commeg(I') — Comm(T")
has finite index image [Mar91]. By contrast, for I' and G as in Theorem [1} the group
T is virtually a free group, and the abstract commensurator of I' (which is isomorphic
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to the abstract commensurator of a free group) stands away from any kind of rigidity
result of this form. In the sequel we denote by F’ a finitely generated free group of rank
at least two. Again, since two finitely generated free groups of different ranks always
admit isomorphic finite index subgroups, the group Comm(F') does not depend on
the rank of F.

Definition 1.1. If A is a finite index subgroup of a group I', then any automorphism
of A defines a virtual isomorphism of I'. The associated map a4 : Aut(A) — Comm(T")
is a homomorphism. We denote by AComm(T") the subgroup of Comm(I") generated
by the subgroups a4(Aut(A)), when A ranges over finite index subgroups of T'.

When I' is a finitely generated group, AComm(I) is a normal subgroup of Comm(I")
[Odd97, Proposition 1.4.2], [BELB™25, Lemma 2.22]. In the recent work of Barnea,
Ershov, Reid, Vannacci, Weigel and the author [BELB™25|, a sufficient condition on
I' was established ensuring that the quotient of Comm(I') by AComm(T") is infinite
(see [BELBT25, Corollary 5.6]). That condition was applied there to the free group
case, showing that the quotient of Comm(F') by AComm(F') is an infinite group. The
following result identifies the structure of the quotient, answering a problem raised
in [BELB™25, Question 5]:

Theorem 2. Let F be a finitely generated free group of rank at least two. Then the
quotient of Comm(F) by AComm(F) is a free abelian group of infinite rank.

Beyond naturalness of the definition, the subgroup AComm/(F’) is of importance in
Comm(F') because AComm(F') is equal to the monolith of Comm(F'), and AComm/(F’)
is a simple group [BELBT25, Theorem 5.4]. The combination of Theorem [2[ and
[BELB™25, Theorem 5.4] yields:

Corollary 3. Every proper quotient of Comm(F) is abelian.

1.3. Approach and outline. The proofs of Theorems [l| and [2| share a common
context, that is described in Section [2| below. There we define, for every group I', a
canonical homomorphism from Comm(I") to a free abelian group. This construction
uses an idea that originates from [BELB™25| which consists in considering composi-
tion factors associated to domain and range in the context of virtual isomorphisms
of I'. This was used in [BELBT25] to define a certain subgroup Commgy (") of
Comm(I'), which was behind the aforementioned sufficient condition ensuring that
the quotient of Comm(I') by AComm(I") is infinite (see the proof of Theorem 5.5
in [BELB"25]). In Section [2| we elaborate on this idea and show that it actually
allows to define a homomorphism d" : Comm(I') — Z5) where Z7%) denotes the
free abelian group with basis the collection FS of isomorphism classes of finite sim-
ple groups. See Theorem The kernel of this homomorphism is the subgroup
Commgy (I') from [BELB*25| (see Remark [2.9)).

In Section [3] we study further this homomorphism in the case where I' is a finitely
generated free group F. The main result of that section is Theorem [3.7] which asserts
that the kernel of d¥ : Comm(F) — Z(") is the subgroup AComm(F) of Comm(F).
Together with the description of the image of df : Comm(F) — ZFS) provided by
Proposition this completes the proof of Theorem [2| from the introduction. In the
proof of Theorem we are naturally led to consider the following problem: given a
finite simple group S, is the action of Aut(F') on the collection of normal subgroups
N of F with F/N ~ S transitive ? A conjecture due to Wiegold predicts that this
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is true for every S and every free group F' of rank at least three. It is known for
certain groups S, but it is open in general. We refer to the survey [Lubll] for a
detailed exposition on this subject and surrounding topics. In the proof of Theorem
we take advantage of the fact that the setting where we need this transitivity
property to hold allows for passing to finite index subgroups of arbitrarily large index
(which are free groups of arbitrarily large rank). This opens the possibility to invoke
a substitute result, namely that the above transitivity property holds for every S
provided the rank of F' is large enough (Proposition . Section (3| terminates with
a comparison between the abstract commensurators of a free group and a surface
group.

Section [4 deals with commensurators of cocompact tree lattices. If I is a cocompact
lattice in G = Aut(Ty), then the natural homomorphism Commeg(I') — Comm(I")
is injective [BK90, B.7]. The group I' being virtually a free group, Comm(T") is
isomorphic to Comm(F'). The proof of Theorem (1| consists in considering the homo-
morphism d' : Comm(I') — ZS), and showing that the image of the restriction of
d" to Commg(T) is a subgroup of Z(*S) that is of infinite rank. This is carried out
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2. ABSTRACT COMMENSURATORS

2.1. Preliminaries. Let I' be a group. An isomorphism ¢ : A — B between finite
index subgroups A, B of I is called a virtual isomorphism of I". The composition
of two virtual isomorphism ¢ : A — B and ¢ : C — D is defined as o~ 1(BN C) —
Y(BNCO), z— (p(x)). Two virtual isomorphisms ¢ : A — B and ¢’ : A’ — B’ are
equivalent if there is a finite index subgroup A” < AN A’ such that ¢ and ¢’ coincide
on A”. We will write [p] for the equivalence class. Modulo this equivalence relation,
virtual isomorphisms of I' form a group, denoted Comm(T"), and called the abstract
commensurator of I'. In order to keep the exposition simple we choose not to consider
any topology on I'. But in case T is a topological group (e.g. a profinite group), one
defines Comm(I") similarly, except that finite index subgroups are replaced by finite
index open subgroups, and virtual isomorphisms are required to be continuous. All
the results of this section carry over to this setting.

If A is a finite index subgroup of I', then any automorphism of A defines a virtual
isomorphism of I'. The associated map a4 : Aut(A) — Comm(I") is a homomorphism.

Definition 2.1. We denote by AComm(I") the subgroup of Comm(I") generated by
the subgroups a4(Aut(A)), when A ranges over finite index subgroups of T'.
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2.2. The homomorphism d' : Comm(T') — Z(S), In this subsection we elabo-
rate on an idea from [BELB™25|, which consists of considering composition factors
associated to finite index subnormal subgroups in the setting of virtual isomorphisms.

We denote by FS the collection of isomorphism classes of finite simple groups.
Let ' be a group. If A is a finite index subnormal subgroup of I', we call a finite
series A = (Ay,...,,Ap) a composition series going from A to I' if 4y, = A,
Ao =T, each A;4 is a normal subgroup of 4; and A;/A;+1 € FS. The quotients
A;/A;;+1 are the composition factors of A, and the integer ¢ is the composition
length of A. For S € FS, we denote by nk(A) the number of composition factors

of a composition series going from A to I' that are isomorphic to S. By the Schreier
refinement theorem, the composition length and the family of integers {ng(A)}

SeFS
do not depend on the choice of a composition series going from A to I'. This common

length is denoted ¢''(A) and is called the composition length of A in T.

Lemma 2.2. If A is a finite index subnormal subgroup of ', then

(T:A) = [T I8]"s@.

SeFsS
Proof. If (Ay,...,,Ap) is a composition series going from A to I' then (' : A) =
" (A; - Aip1). Each A;/A; 1 belongs to FS, and given S € FS there are ng(A)
factors isomorphic to S. Whence the formula.

O

Lemma 2.3. Let A be a finite index subnormal subgroup of I', and B a finite index
subnormal subgroup of A. Then nk(B) = n5(A) +nd(B) for every S € FS.

Proof. This follows from the fact that the concatenation of a composition series going
from B to A with a composition series going from A to I' yields a composition series
going from B to I'. U

Lemma 2.4. Let A, B,C, D be finite index subnormal subgroups of I', and suppose
0 : A= Band ¢y : C — D are isomorphisms such that [¢] = [¢] in the group
Comm(T). Then for every S € FS, one has nk(B) —nk(A) = nk(D) — nk(0).

Proof. The assumption [¢] = [¢)] means that there is a finite index subgroup E of
ANC such that ¢, coincide on E. Upon passing to the normal core of F in I', one
can assume E is normal in I'. Set F' = p(F) = ¢(F). Since E is normal in A, the
subgroup F' = ¢(F) is normal in B = ¢(A). Hence F' is subnormal in T
Using Lemma for the two sequences of inclusions FF < B<Tand E < ALT

we see that

ns(F) = ng(B) +ng (F)
and

ns(E) = ng(A) +n§ (E).
Taking the difference, we obtain

r T _ T B r A
ng(F) —ng(E) = ng(B) + ng (F) — (ng(A) + n5(E)).

Now since ¢ is an isomorphism from A to B sending F to F', one has né(E) =n
Hence those terms cancel in the previous equality, and we obtain nk(B) — nk
nL(F)—n5(E). Since the situation is symmetric in ¢, 1, one also has nk(D)—nk
nL(F) — nk(E). Whence the conclusion. O



6 ADRIEN LE BOUDEC

The following lemma, is classical.

Lemma 2.5. Let A, B be finite index subgroups of I' and let ¢ : A — B be an
isomorphism. Then there are finite index subgroup Ay, As of A and Bi of B such
that A1 < AQ < F, By <T and By = (p(Al).

Proof. Let Ay denote the normal core of A in I', and By = ¢(A2). Now let B
denote the normal core of By in I, and let A; = ¢~!(B;). By construction one has
A1 <Ay <T, By T and Blzgo(Al). O

An isomorphism ¢ : A — B between finite index subgroups of I' will be called
I'-subnormal if both A and B are subnormal subgroups of I'. Lemma |2.5| implies
every element of the commensurator Comm(I') admits a I'-subnormal representative.

We denote by Z(FS) the free abelian group with basis FS, viewed as the group
of finitely supported functions FS — Z. For S € FS we denote by g the Dirac
function at S.

Theorem 2.6. The map d' : Comm(I') — Z5) defined by
c=lp: A= Bl d(c)= Y (n5(B) —n5(A))ds,
SeFS

where ¢ : A — B is a I'-subnormal representative of ¢, is well-defined and is a group
homomorphism.

Before proving the theorem, we introduce the following notation:
Definition 2.7. For S € FS, we consider the map dy : Comm(T") — Z defined by
c=lp: A B] > di(c) = ni(B) - n§(A),
where ¢ : A — B is a ['-subnormal representative of c.

For every ¢ € Comm(I"), one has

d¥(c) = Z d(c)ds,

SeFS
so the statement of Theorem [2.6] will follow from the following proposition:

Proposition 2.8. For every S € FS, the map dy : Comm(I') — Z is well-defined
and is a group homomorphism.

Proof. First recall every element of Comm(I') admits a I'-subnormal representative
by Lemma Moreover Lemma ensures that, given ¢ € Comm(I') such that ¢
admits ¢ : A — B as a I'-subnormal representative, ds(c) = ng(B) — nk(A) does
not depend on the choice of the I'-subnormal representative of ¢. This shows dg is
well-defined. Let us prove it is a homomorphism. Let ¢;,co € Comm(T"), and choose
I'-subnormal representatives ¢ : C' — D and ¢ : A — B respectively of ¢; and cs.
Set E = ¢ 1(BNC)and F = (B NC). The subgroup B N C is subnormal in T as
an intersection of two subnormal subgroups. In particular B N C' is subnormal in B.
Therefore E is subnormal in A = ¢~!(B), and hence E is subnormal in T'. Similarly
F is subnormal in . The restriction of ¥ o ¢ to E induces an isomorphism from F
to F', which by definition of the composition in Comm(I") is a representative of c;cs.
Therefore one has

dg(clcg) = ng(F) - ng(E) = ng(F) — ng(B NnC)+ ng(B ne) — ng(E)
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Now by construction ¢pnc : BN C — F and ¢ : E — BN C are I'-subnormal
representatives of ¢; and ¢ respectively. Hence ng(F) — n5(B N C) = d5(c1) and
nL(BNC) —nk(E) = di(c2). So all together we have dg(cica) = ds(c1) + ds(cz2), as
desired. g

Remark 2.9. The kernel of d' is the set of elements of Comm(I") that admit a I'-
subnormal representative ¢ : A — B such that nk(B) = nk(A) for every S € FS.
This means that the sets of composition factors appearing in composition series going
from A to I' and B to I' are the same (taking multiplicity into account). That set
was denoted Commgy(T') in [BELB™ 25|, and it has already been showed there that
it is a subgroup of Comm(T").

Lemma 2.10. Let A, B, C' be finite index subnormal subgroups of T and let o : A — B
be an isomorphism. Then there are finite index subgroups A’ < A and B’ < B such
that A’, B" are contained in C, A', B" are subnormal in C, and B' = @p(A").

Proof. The subgroups ANC' and BNC' are subnormal respectively in A and B. Hence
A= ANCNe Y (BNCQO) is subnormal in A. In particular A’ is subnormal in ANC,
and hence in C since ANC is subnormal in C. The argument to see that B’ := ¢(A’)
is subnormal in C' is similar. O

If A is a finite index subgroup of I', then any virtual isomorphism of A is also
a virtual isomorphism of I'. This induces a homomorphism iy p : Comm(A) —
Comm(T"), which is easily seen to be an isomorphism.

Proposition 2.11. Let A be a finite index subgroup of I', and let iy r : Comm(A) —
Comm(I") be the isomorphism induced by the inclusion of A inI". Then dFoiAI =dt.

Proof. Denote by A’ the normal core of A in T'. Take ¢ € Comm(A), andlet p : A — B
be a A-subnormal representative of ¢ in Comm(A). According to Lemma one
can assume A, B are contained in A’. In particular A, B are subnormal in I', and
¢ : A — B be a I'-subnormal representative of ¢ in Comm(I'). Take S € FS. We
have ng(A) = n5(A) +nd (A) and ng(B) = ng(A’) + n&' (B) by Lemma Hence
n(B)—ng(A) = nd (B)—nd'(A). Since S is arbitrary, this proves the statement. [J

The following result was proven in [BELBT25| under the additional assumption
that I' is finitely generated.

Proposition 2.12. The subgroup AComm(T') is contained in the kernel of d* .

Proof. Let A be a finite index subgroup of I Take ¢ € Aut(A). By definition
¢ : A — A is a A-subnormal representative of [¢] in Comm(A). Since n(A) = 0 for
every S € FS, the element [¢] of Comm(A) belongs to the kernel of d*. Proposition
2.11| ensures that the element of Comm(I") defined by ¢ belongs to the kernel of
d". Since A was an arbitrary finite index subgroup of T, this shows AComm(T) is
contained in the kernel of d'. O

2.3. On the image of the homomorphism d". In this subsection we collect two
basic observations regarding the following homomorphism:

Definition 2.13. We denote by = : ZFS) — QZ the homomorphism defined by
(xs)Fs = [rs |9]5.
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Lemma 2.14. If ¢ € Comm(T") admits ¢ : A — B as a I'-subnormal representative,
then

(T': B)

(T: A)

In particular if I' has the property that any two isomorphic finite index subgroups of
I' have the same index, then the image of d* is contained in the kernel of .

mod(c) =

Proof. One has

To dF H glns(B)—ng(A) [lrs ’S’ng(B) = (L': B)
N r
[rslsrs@ I+ A)

by Lemma The second assertion is clearly consequence of the first. U

Recall that for S € FS we denote by dg € ZS) the Dirac function at S. When
S = C, is cyclic of order p then we will write ¢, instead of dc,. We denote by FSup
the collection of those finite simple groups that are cyclic of primer order. We identify
ZFSab) as the subgroup of ZFS) generated by the elements 0p when p varies among
primes.

Definition 2.15. For an integer n > 2 with prime decomposition n = p{* - - p2r, we
write g, = > o0y, € ZFS) . For S € FS with S non-abelian, we denote fg = ds—9)5)-

Lemma 2.16. The following hold:

(1) The restriction of © to ZZSa) induces an isomorphism ZZ Sav) — Q-
(2) ker(m) is generated by the elements fg when S varies among non-abelian finite
stmple groups.

Proof. The first point is clear. For the second, one has 7(ds) = |S| and 7(g|s|) = [5],
so fs indeed lies in ker(m). Let A denote the subgroup generated by fs when S varies
among non-abelian finite simple groups. Since fg € dg + ZZSa) | one has ZFS) =
A 4 77Sa) | and hence ker(r) = A + (ker(m) N ZZ b)), Now ker(r) N ZFSa) =
by the first point, so ker(w) = A. O

2.4. Commensurators of profinite completions. As mentioned in both the
group of commensurators Comm(U) and the homomorphism dV : Comm(U) — Z5)
can be defined when U is a profinite group. Although this will not be used later on in
this paper, in this subsection we make the observation that when passing from a group
I" to its proﬁAnite completion f‘, the expected compatibility between d' : Comm(T") —
279 and d- : Comm(T) — ZS) holds true.

So let I' be a group, and denote by ¢ : I' — [ the natural homomorphism from I' to
[. The mapping that assigns to each finite index subgroup A of T its image closure
L(A) inT is a bijection between finite index subgroups of I' and open subgroups
of . Moreover the natural homomorphlsm A — 1(A) is an 1somorphlsm [RZ00,
Lemma 3.2.6] In the sequel we always see A as an open subgroup of T. Any virtual
isomorphism ¢ : A — B of I induces an isomorphism @ : A— B , which is therefore
viewed as a virtual isomorphism of I'. The map @ — @ descends to a map nr :
Comm(T") — Comm(T'). Moreover this map is a homomorphism.



Proposition 2.17. The diagram

Comm(I") —*— Comm(I)
\ J{dl—‘

commutes.

Proof. The mapping A — A from finite index subgroups of I' to open subgroups of
[ sends subnormal subgroups to subnormal subgroups. Moreover any composition
series going from A to I' is sent to a composition series going from A to T' with
isomorphic composition factors. Hence if ¢ is an element of Comm(I") with subnormal
representative ¢ : A — B, then ¢ : A — B is a subnormal representatlve of nr(c),

and for any S € FS we have nk(A4) = ns(;l) and nk(B) = ns(é) The statement
follows. O

2.5. Examples. We examine what is the homomorphism d' is some familiar exam-
ples.

25.1. T =7Z", n > 1. Then Comm(I') ~ GL(n,Q). Clearly the only finite simple
groups involved are the cyclic groups of prime order. Hence d' takes values in Z(FSab).
The subgroup SL(n, Q) lies in the kernel of d' (as can be check directly, or it also
follows from the fact that SL(n, Q) is perfect). Moreover for a prime p, the diagonal
matrix D with entry p at coordinate ¢ and 1 at other diagonal entries provides an
isomorphism between A = Z" and B = Z'" ! xpZxZ"*. So dg(D) = 1and dg(D) =0
for every prime ¢ # p. So, under the identification between Z(FSab) and QZ%, via m,
one has d' (D) = |det(D)|. It follows that d' and | det | coincide on SL(n, Q) and on
all diagonal matrices. Therefore they coincide on the entire GL(n, Q). So d'' = |det .

2.5.2. T' = PSL(n,Z), n > 3. As follows from Mostow rigidity and [Bor66, Theo-
rem 2], the abstract commensurator of I' is Comm(I') ~ PGL(n,Q) x Cs, where
C5 acts via transpose-inverse. The determinant induces a surjective homomorphism
PGL(n,Q) — Q*/(Q*)", and Q*/(Q*)" is the abelianization of PGL(n,Q). So
every abelian quotient of PGL(n,Q) is torsion, and similarly for Comm(I"). Since
d" always takes values in a free abelian group, d' is trivial here. What happens for
n = 2, which corresponds to the case of a free group since PSL(2,Z) is virtually free,
is the subject of the next section.

3. ON THE ABSTRACT COMMENSURATOR OF A FINITELY GENERATED FREE GROUP

In this section we consider the situation of a finitely generated free group of rank
at least two, denoted by F.

3.1. The image of d : Comm(F) — Z5),
Proposition 3.1. The image of d* : Comm(F) — ZS) s

d¥ (Comm(F)) = {(xs)fs ez L IIS1*s = 1} :

In particular it is a free abelian group of infinite rank.
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Proof. Using previous notation, the statement is that the image of d* : Comm(F) —
Z79) is exactly the kernel of the homomorphism = : ZFS) — Q%y, (zs)rs
[Ir5|S|*s. By the Nielsen-Schreier formula, two finite index subgroups of F are
isomorphic if and only if they have the same index. Hence by Lemma [2.14] the image
of d* is contained in ker(w). Let S be a non-abelian finite simple group, and let n
be the cardinality of S. It is known that every finite simple group is generated by
two elements. Hence one can find a surjective homomorphism F' — S. Let B be the
kernel of this homomorphism. Choose also a surjective homomorphism F' — C,, from
F’ to the cyclic group of order n, and denote by A its kernel. Since A, B have the same
index in F, one can choose an isomorphism ¢ : A — B. Let ¢ be the corresponding
element of Comm(F). Using notation from Definition by construction of ¢ one
has d¥(c) = 65 — gis| = fs. Lemma m then ensures the image of d’ equals the
entire ker(7). O

3.2. The kernel of d¥ : Comm(F) — Z75), The goal of this subsection is to prove
Theorem [3.7 For, the main intermediate result is Theorem [3.6] and its proof is the
core of this subsection.

Definition 3.2. For a finite group G, we denote by IC(F; G) the set of normal sub-
groups N of F such that F/N ~ G.

We recall the following interpretation of IC(F'; G). Let E(F'; G) denote the collection
of epimorphisms F' — G. The group Aut(G) acts on E(F';G) by post-composition,
and the group Aut(F') acts on E(F; G) by pre-composition. These actions commute.
The map E(F;G) — K(F;G) that associates to an epimorphism 7 : F — G its
kernel ker(w) is surjective, and factors through a map E(F;G)/Aut(G) — K(F;G).
Moreover any two epimorphisms F' — G have the same kernel only if they belong to
the same Aut(G)-orbit, so the map E(F;G)/Aut(G) — K(F;G) is bijective. Note
that this map is Aut(F')-equivariant.

If G is a finite group, we denote by d(G) the minimal number of generators of
G. We also write u(G) = maxy, |X|, where the maximum is taken over all minimal
generating subsets of G. We will use the following result, which is [Lub11l Proposition
3.1] (see also [Gil77, Theorem 3]).

Proposition 3.3. Let G be a finite group. If the rank of F is larger than d(G)+u(G),
then the Aut(F)-action on E(F;G) is transitive. In particular the Aut(F)-action on
K(F; Q) is transitive.

It will be convenient to use the following notation:

Notation 3.4. If S € FS and if A is a subgroup of B, we write A g B if A is
normal in B and B/A ~ S.

Lemma 3.5. Let S1,S5 € FS such that S1,Ss are not isomorphic. Suppose Ay, A
are subgroups of F such that Ay <g, A1 <gs, F. Then there are subgroups By, By of
F such that :

(1) B> g, Aq <gs, F;

(2) B2 <s, B1 <g, F.

Proof. Since F is a free group, there exists a normal subgroup B; of F' such that
F/B; ~ S;. Consider the normal subgroup A;B; of F. Since A; is a maximal
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normal subgroup of F', we have A1By = F or A1B1 = A;. Assume the second
possibility holds. This means By < Aj. Since Bp is a maximal normal subgroup of
F, we infer Ay = By, which is impossible since we assume S7, .S, are not isomorphic.
Hence A1By = F. Set By = A; N By. Equality A;B; = F implies Al/BQ ~ S; and
B1/By ~ S5. Hence B, By satisfy the requirements. O

If A is a finite index subgroup of F', the natural homomorphism a4 : Aut(4) —
Comm(F') is injective. For simplicity we will write Aut(A) instead of as(Aut(A))
for the image of Aut(A) in Comm(F). Also we will identify A with the subgroup of
Aut(A) consisting of inner automorphisms. In particular we will always view A as
a subgroup of Comm(F'). The subgroup Aut(A) is exactly the normalizer of A in
Comm(F).

Theorem 3.6. Suppose A, B are finite index subnormal subgroups of F'. The follow-
ing are equivalent:

(1) A, B are conjugate in AComm(F);

(2) nk(A) = nk(B) for every S € FS.

Proof. We start with == . Take ¢ € AComm(F) such that B = cAc™!. Then
¢:A— B,aw— cac™, is a representative of c. Since A, B are subnormal in F, it
is a subnormal representative. We know from Proposition that ¢ belongs to the
kernel of d" : Comm(F) — ZVS). Therefore nk(A) = nk(B) for every S € FS, as
desired.

(2) = (1) is the more difficult part. We break the proof into several steps.

Step 1. (@ = is true when A, B verify ¢¥'(A) = ¢F(B) = 1.

Proof. Given S € FS and A, B two subgroups of F with A <g F and B <g F, we
want to show that A, B are conjugate in AComm(F'). Since A, B have the same index
in I, they are free groups of the same rank. Let ¢ : A — B be an isomorphism. We
have [p]A[¢]~! = B. We show that [¢] belongs to AComm/(F).

If there exists a finite index subgroup C' of A such that C' = ¢(C), then [¢] belongs
to Aut(C) in Comm(F'). Since Aut(C) is contained in AComm/(F'), in that case we
are done. Henceforth we assume that there is no finite index subgroup C' of A such
that C' = ¢(C). We define inductively decreasing sequences (A, )n>1, (Bp)n>0 of finite
index subgroups of F' with the following properties:

e A,i1<g By, and Bj41 <g By;

e the restriction of ¢ to A,41 induces an isomorphism A, 11 — Bp11.
By assumption By = F', A} = A and B; = B satisfy the required properties. Suppose
Aq,..., A, and By, ..., B, have already been defined. The subgroups A,, and B,, are
maximal normal subgroups of B,,_1. Hence if A, B,, # B,_1 then A, = B,,. Since the
restriction of ¢ to A, induces an isomorphism A,, — B,,, this contradicts the present
assumption that there is no finite index subgroup C such that C' = ¢(C). Hence we
must have A, B,, = B,_1. We set A,y1 = A, N B, and B, 11 = p(Ap+1). Equality
AnB, = B,_1 ensures B,_1/B,, ~ A, /An+1. Therefore A, /A,+1 ~ S. Since By +1 =
©(Apt1) and B, = ¢(A,), we infer B,,y; is normal in B, and B),/Bp+1 ~ Ay, /Ap+1 =~
S. On the other hand the equality A, B, = B,_1 also ensures B,,_1/A, ~ By /An+1,
and therefore B),/A,+1 ~ S. Therefore A, 1, By satisfy the required properties.

Since the sequence (B,,) is properly decreasing, one can find n such that the rank
of B, is larger than the integer appearing in the hypothesis of Proposition [3.3] Since
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Apt1,Bny1 € K(Bp;S), by the proposition one can find o € Aut(B,) such that
a(Bp+1) = Apt1. Since the restriction of ¢ to A,,4+1 induces an isomorphism 4,11 —
Bpt1, we have afp] € Aut(A,+1). Since Aut(B,) and Aut(A,41) are contained in
AComm(F), this shows [p] € AComm(F), as desired. O

Step 2. Let S € FS, and let A be a finite index subnormal subgroup of F such that
ng(A) > 0. Then there exists a finite index subnormal subgroup B of F' such that:

(1) A and B are conjugate in AComm(F');
(2) there exists a composition series (By,...,By) going from B to F' = By such
that By <g F.

Proof. Let A = (Ay, ..., Ag) be a composition series going from A to I'. By assump-
tion one composition factor is isomorphic to S. Let m(A;S) be the smallest integer
i > 0 such that A;1; <g A;. Let also m(A4;S) = ming m(A;S), where the minimum
is taken over all composition series going from A to I'. We argue by induction on
m(A;S).

The statement is true when m(A4;S) = 0, as we can just take B = A. Assume now
k > 0 is such that the statement is true for every A such that m(A4;S) < k, and let
A such that m(A;S) = k+ 1. Let A = (Ay, ..., Ag) be a composition series going
from A to I' such that Ao <g Agsq and A;/A;+1 is not isomorphic to S for i < k.
In particular Ag/Agy1 is not isomorphic to S. So we have

Ay <5 App1 s Ag

with S # S. We apply Lemma (inside the finitely generated free group Ayg).
We deduce there exist By, Bry1 such that Byyo <g Apt1 <gr Ar and Byyo <g
By11 <g Ag. Since Apio<s Agt1 and Byyo <g Ag+1, by Step[l|above (applied inside
Ag+1) we deduce that Agio and Bjyyo are conjugate in AComm(Ag41). Now Agiq
is a finite index subgroup of F, so AComm(Ay;1) = AComm(F). So we can find
c € AComm(F) such that cAp,oc™! = Bjyo. Set A’ := cAc™!. We therefore have
a composition series A’ = (cApc™!, ... cApioc™t, Bps1, A, ..., Ag) going from A’
to I'. By construction we have m(A;S) = k. In particular m(A4’; S) < k. By the
induction hypothesis applied to A" and since A and A" are conjugate in AComm(F),
this terminates the proof. O

Step 3. Conclusion of the proof of (@ == in Theorem .

We take A, B finite index subnormal subgroups of F with nf (A) = n£(B) for every
S € FS. We wish to show A, B are conjugate in AComm(F'). We argue by induction
on the composition length ¢£(A) = ¢F(B). The case ¢'(A) = 1 is exactly the
content of Step |1l Now assume ¢/'(A) = £ 4 1 for some ¢ > 1. Pick a composition
series (By, ..., By) going from B to F, and let S € FS such that B; <ig By. By
the assumption on A, B, we have ng(A) > 0. We apply Step |2l By the conclusion
of Step [2| and by the implication == of Theorem we deduce that
upon conjugating A by an element of AComm(F'), we can assume that there exists
a composition series (Ay,...,Ag) going from A to F such that A; <g Ag. Since
B; <g F and A; <g F, by Step [l| A; and Bj are conjugate in AComm(F). Hence
upon conjugating we are reduced to the situation where A; = B;. We have n?l (A) =
nk(A) — 1 and né} (A) = nk,(A) for every S’ different from S. And similarly for B.
Therefore g} (A) = né}(B) for every S’ € FS. Since (41(A) = ¢F(A) — 1, we can
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apply the induction hypothesis to the subgroups A, B inside the ambient group Aj.
This terminates the proof. O

Theorem 3.7. The kernel of d¥ : Comm(F) — ZS) is the subgroup AComm(F)
of Comm(F).

Proof. One inclusion is Proposition m Conversely, take ¢ € ker(d!), and let ¢ :
A — B be a F-subnormal representative of ¢. That ¢ belongs to the kernel of d'
means that nk(A) = nk(B) for every S € FS. Therefore by Theorem 3.6 we infer
that A, B are conjugate in AComm(F). Since we also have cAc™! = B, we deduce
that there is ¢ € AComm(F) such that ¢c € Aut(A). Since Aut(A4) < AComm(F)
we deduce that ¢ belongs to AComm(F'), as desired. O

Corollary 3.8. The monolith of the group Comm(F) is equal to the kernel of d¥ :
Comm(F) — ZS). In particular every proper quotient of Comm(F) is abelian.

Proof. Follows from Theorem [3.7|and Theorem 5.4 in [BELB™25], which asserts that
AComm(F) is the monolith of the group Comm(F). O

3.3. On the abstract commensurator of surface groups. We end this section
with a discussion that compares the situation where the free group F' is replaced
by the fundamental group m1(X) of a closed surface ¥ of genus > 2. Since any two
groups 71 (X) are virtually isomorphic, the group Comm(7;(X)) does not depend on
the genus. Like in the free group case, the group Comm(m(X)) is known to be
monolithic, with simple monolith [Cap20, Theorem A.2].

The arguments in the free group case in the proof of Proposition [3.1 apply equally
to d™ ) : Comm(m (X)) — ZS). Hence we have:

Proposition 3.9. Let m1(X) be the fundamental group of a closed surface of genus
at least 2. Then the image of d™*) : Comm(m1 (X)) — ZFS) s

d™ ) (Comm(m (2))) = {(CUS)]—‘S e Z¥S IS = 1}.
FS

In particular it is a free abelian group of infinite rank.

One can ask how much other results for Comm(F') hold for Comm(m(X)). For
instance we do not know whether the analogue of Corollary is true, i.e. whether
every proper quotient of Comm(7 (X)) is abelian. There seem to be two points that
would need to be addressed to have a clean correspondence between the free group and
the surface group situations. The first one is that while the monolith of Comm/(F)
is equal to AComm(F) [BELB™25], we do not know whether the same is true for
Comm(71(X)). The monolith is contained in AComm(71(X)) as AComm (7 (X)) is
a normal subgroup of Comm(71 (X)) [Odd97, Proposition 1.4.2], [BELB'25, Lemma
2.22], but we do not know whether there is equality. The second one, more closely
connected to the present work, is that we do not know whether the analogue of
Theorem [3.7|is true here, i.e. whether the kernel of d™(*) : Comm (1 (X)) — ZFS) is
the subgroup AComm(71(X)). Imitating the above arguments does not seem to work
immediately. Indeed, in that situation it is known that given a finite simple group S,
there are obstructions to the transitivity of the Aut(m;(X))-action on the set of kernels
of epimorphisms 71 (X) — S. More precisely, to every kernel of m1(X) — S there is an
associated class in Hy(S)/Out(S) that is Aut(71(X))-invariant (see for instance the
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discussion in [Lublll §10]). Moreover, the Aut(m(X))-action on the set of kernels
of epimorphisms m(X) — S corresponding to a given [c] € H2(S)/Out(S) can also
fail to be transitive [FL18]. On the positive side, let us mention however that the
analogue of Proposition [3.3| for S and [c] € H2(S)/Out(S) fixed holds true here: the
Aut(m(X))-action on the set of kernels of epimorphisms 71 (X) — S corresponding to
[c] is transitive for large enough genus [DT06].

4. THE COMMENSURATOR OF A COCOMPACT TREE LATTICE

4.1. Preliminaries. Let d > 3, and Ty the d-regular tree. Let W be the free product
of d copies of the cyclic group of order 2 (the free Coxeter group of rank d). We fix
at,...,aq € W such that a? =1 and ay,...,aq generate W. We systematically view
W as being equipped with this finite generating subset. We identify the tree Ty with
the Cayley graph of W. Let vg be the vertex of T; corresponding to the identity
element. There is a coloring of the edges of T; by the elements of {1,...,d}: an edge
between two elements v and ya; of W has color . The left action of W on itself
allows to see W as a subgroup of Aut(Ty). It is a cocompact lattice because W acts
freely and transitively on vertices of 7.

Definition 4.1. For g € Aut(7;) and v a vertex of T;, we denote by o(g,v) the
permutation of {1,...,d} defined by g(va;) = g(v)as(g.v)()-

It is easily seen that every element g € Aut(7y) is characterized by the data of
g(vp) and the collection of permutations {o(g,v)} where v ranges over all vertices of
Ty. Also we note that W is precisely the subgroup of Aut(7y) consisting of elements
g such that o(g,v) = 1 for every vertex v.

Definition 4.2. We denote by Cy the commensurator of W in Aut(7y).

Any cocompact lattice I' of Aut(Ty) admits a conjugate that is commensurable with
W in Aut(7Ty), and hence has a commensurator in Aut(7y) that is conjugate to Cy
[BK90|, 4.15-4.17]. Hence it will be enough to prove Theorem [1|from the introduction
forI' =W.

The following is Proposition 2.2 in [LMZ94].

Lemma 4.3. Let g € Aut(Ty) and v € W. Then v € W N g Wy if and only if
o(g,v) = o(g,yv) for every vertex v.

We will make use of the interpretation of elements of the stabilizer of vy in Cy as
recoloring of finite graphs from Section 2 in [LMZ94], notably Propositions 2.2-2.3-
2.-4 there. However we will be working in a slightly different setting than [LMZ94], as
we want to allow an edge to be a loop in the finite graphs we consider. This requires
slight modifications of the framework from [LMZ94]. For completeness we explain
the details.

Let X be a finite connected d-regular graph (every vertex has d adjacent edges).
Edges are non-oriented. We allow an edge to be a loop, and we also allow multiple
edges. We fix xg a base vertex of X. By a coloring ¢ of X we mean an assignment for
each edge of X of an element in {1,...,d} (the color of that edge) such that for every
vertex, the d adjacent edges have different colors. If ¢ is a coloring of X, there exists
a unique color preserving map 7 : T; — (X, ¢) such that 7(vg) = z¢, and this map is
surjective. Since we allow an edge to be a loop in X, the map 7 is not necessarily a
covering.
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Associated to a coloring ¢ of X there is an action of W on the vertex set VX. It is
defined by declaring that a; flips all pairs of distinct vertices joined by an edge with
color 7, and a; fixes all vertices for which the adjacent edge with color ¢ is a loop. By
the universal property of free products, this indeed defines an action of W on V X.
The graph X with the given coloring is then the Schreier graph associated to the
W-action on VX. The stabilizer of the base vertex zp in W will be denoted W, ..
Note that conversely, for every action of W on a finite set, the associated Schreier
graph is a finite connected d-regular graph equipped with a coloring.

Lemma 4.4. Let X be a finite connected d-regqular graph, and xo a base vertex of X .
Let ¢ be a coloring of X, and 7w : Ty — (X, c) the unique color preserving map such
that m(vg) = xg. Let x be a vertex of X. If (ji,...,Jr) is the labelling of a path in
(X, c) going from zg to x, then the fiber of x under m is

7 (@) = Wag,cajy - aj,,
where Wy, . is the stabilizer of xo in W for the action of W on VX defined by c.

Proof. Take v € W with normal form v = a;, - - - a;,. Then v € 7~ *(z) if and only if
the path from zg in (X, c) labelled (i1, - ,i;) terminates at x. Since (ji,...,J,) is
the labelling of a path in (X, ¢) going from x to x, this conditions is also equivalent
to the fact that the path from z¢ in (X,c) labelled (i1,--- ,ig, jr,...,J1) is a loop.
This last condition means that w := aj, ---aj.a;, ---a; belongs to Wy, .. Since
w = aj, ---ajm_l, the condition w € Wy, . is equivalent to v € Wy, caj, ---aj.. O

r

Let now (c1, ¢2) be two colorings of X. The pair (c1, c2) gives rise to a collection of
permutations (0;).evx of {1,...,d}, defined by the property that for every x € VX
and every edge e adjacent to x, the coloring ¢y is given by ca(e) = o,(c1(e)).

The following proposition is the analogue of Proposition 2.4 in [LMZ94] in our
present setting.

Proposition 4.5. Let X be a finite connected d-regular graph, and xo a base vertex
of X. Let c¢1 be a coloring of X, and 7 : T; — (X, c1) the unique color preserving
map such that m(vg) = 9. Let ca be another coloring of X, and let (04)zevx be
the collection of permutations of {1,...,d} associated to the pair (c1,c2). Then the
following hold:

(1) The element g of Aut(Ty) defined by the conditions g(vg) = vy and o(g,v) =
Or(v) for every vertex v of Ty, belongs to Cy.

(2) For every loop in X based at xo having labelling (i1, . .., i) forci and (j1,...,Jk)
for ca, one has ga;, -+ a;, g~ = aj, -+ aj, .

(3) If Wy, is the stabilizer of xo in W for the action of W on VX associated
to ¢;, then gVmeclg_1 = Wageo-

Proof. . By definition of the element g, the permutations o(g,v) are constant
along fibers of w. According to Lemma @7 each fiber of 7 is a right coset of W .
Hence for the left action of W on itself, the subgroup W, ., preserves each fiber of
m. We deduce that for every v € Wy, ¢,, one has o(g,v) = o(g,vv) for every vertex
v. According to Lemma this implies Wy, ., < W N g 'Wyg. Since the graph X
is finite, Wy, ¢, is a finite index subgroup of W. We deduce W N ¢~ 'W g has finite
index in W. Therefore W N g~ 'Wyg is a cocompact lattice in Aut(7y). Conjugation
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by g sends W N g 'Wg to gWg ' NW, so gWg~'NW is also a cocompact lattice.
This forces gWg~! N W to be of finite index in W as well. Therefore g € Cy.

. Set v = aj;, - - - a;,. Since (i1, ...,1) is the labelling for ¢; of a loop at g, so is
(i, ...,11). Hence v € Wy, .,. At the level of the tree, the element 7 corresponds to
the path from vy labelled (i1,...,4x). According to the previous paragraph one has
LqVVC,;MIg_1 < W. Therefore gyg~' € W. Since g fixes vg, the element gyg~' sends
vp to the vertex g(7). Hence the normal form of gyg~! is obtained by following the
path in Ty going from vy to the vertex g(v). By construction of the element g, this
path is labelled (ji,...,jx). Hence gyg~! = a;, - - - aj,.

follows from . ]
4.2. Proof of Theorem [1l

Proof of Theorem[1. As explained above, it is enough to prove the theorem for the
group Cy. The only element of Aut(7}) centralizing a finite index subgroup of W is
the identity, so the natural homomorphism Cy; — Comm (W) from Cy to the abstract
commensurator of W is injective [BK90, B.7]. In the sequel we identify Cy with its
image in Comm(W). We consider the homomorphism d" : Comm(W) — Z("'S) from
Theorem We will show that the image of the restriction of d" to Cy has infinite
rank. This will prove the statement. We fix an integer r > 5. We denote by A(r) the
alternating group A(r) = Alt(r). Using notation from Definition we will show
that dZV(T) : Cy — 7 is surjective. This will imply the image of dV : Cy — ZUS) is
infinitely generated, and hence is free abelian of infinite rank.

Let X be the d-regular graph with r vertices xg, ..., x,—1, with an edge e; between
x; and x;41 for every ¢ = 0,...,7 — 2, and such that all other edges are loops. We
consider a coloring ¢; of X such that edges eg,e2,...,e,—s have color 1, and edges
e1,€es,...,¢e-_3 have color 2. How ¢ is defined on other edges will not matter. The
permutation group on VX induced by the W-action associated to c; is the dihedral
group of order 2r.

We now define a coloring c¢o of X by starting from c¢;, and specifying for each vertex
x of X a permutation of {1,...,d}. For vertices x3,...,z,_1, we take the identity. In
other words co coincide with c; on all edges adjacent to those vertices. For xg, z1, x2,
we take respectively (12), (123), (23). This indeed defines a coloring of X in a coherent
way as the edge joining xo and x3 has color 1 for ¢;. Exactly five edges have changed
color between c; and co, among which eg, e;, which were previously colored 1 and
2 and are now colored 2 and 3. The element a3 acts on VX as the transposition
(x1,x2). The supports of a; and a3 intersect along {z2}, and the supports of as and
a3 intersect along {x1}. One then easily verifies that the permutation group on VX
induced by the W-action associated to ¢z is the entire symmetric group Sym(r).

We denote by A = Wy, ., the stabilizer of z¢ in W associated to the W-action
on VX defined by ci, and by B = Wy, ., the stabilizer of zg in W associated to
the W-action on VX defined by cs. Proposition applied to X, zg, c1, co provides
g € Cg4 such that gAg~—! = B. We claim that d‘gv(r) (g) is equal to 1. For, we need to
find a W-subnormal representative of g. Let A; = Corey (A) and By = Corey (B)
denote the normal core of A and B respectively in W. By the above discussion
we have (A : A1) = 2 and (B : By) = (r — 1)l. Let Ay = g7 !Bign A; and
By = gAsg~ ' = BiNgA1g~'. Since By < B we have ¢~ B1g < A, and hence Ay <1 A;.
Therefore Ay <t A; <« W. Similarly since A; < A we have gA19g~! < B, and hence
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By <1 By. Therefore By <t B <« W. So all together the restriction of the conjugation
by g to Ag defines an isomorphism As — Bs that is a W-subnormal representative of
g. We compute (n¥ (B2))zs. The group W/Bj is the symmetric group on r elements
and we assume r > 5, so nd (By) = 1if S € {Cs, A(r)}, and n¥ (B1) = 0 otherwise.
Since (A : A1) = 2 we have (B : gA19~ ") = 2, and hence (B; : By) < 2. So By/Bs is
either trivial or cyclic of order two. By Lemma applied to By <1 By << W we infer
n¥ (Bg) = 1if S = A(r), nd (B2) € {1,2} if S = O3, and n¥ (Bs) = 0 otherwise.
In order to complete the proof one needs to see n¥ (A2) = 0 if S = A(r). Since
W/A; is a solvable dihedral group, n% (A;) = 0 for S non-abelian. Now one has
(A : Ag) = (A . Al)(Al : Ag) = 2(A1 : Ag) On the other hand (A : AQ) = (B : BQ),
which is equal to either (r — 1)! or 2(r — 1)! (depending on whether B /By is trivial
or of order two). Combined together we deduce (A; : As) < (r — 1)!. In particular
Lemma prevents A(r) from appearing in a composition series going from As to
Aj. In other words ngl(Ag) =01if S = A(r). By Lemma [2.3|applied to Ay < A; < W
we infer n%' (Ay) = 0 if S = A(r), as desired. This completes the proof. O

4.3. Further questions. Recall from the introduction that the group Cy is known
to be monolithic, and its monolith M, := Mon(Cy) is a simple group [Cap20]. The
infinite index normal subgroup Ny of C; that we exhibit in the proof of Theorem
is the kernel of the homomorphism Cy — ZS) obtained as the composition of the
embedding of Cy in the abstract commensurator Comm(W) and the homomorphism
dV : Comm(W) — ZFS). By definition of the monolith we have My < Ny. While
for the abstract commensurator Comm(W) the monolith is equal to the kernel of
dV : Comm(W) — Z7S) by Corollary [3.8] (since W is virtually a free group and by
Lemma , we do not know whether the same is true for Cy. In other words, we do
not know if My = Ny. More generally it would be interesting to have a description
of Cy/My and of My. In that direction, we ask the following questions:

Question 4.6. Is the quotient Cy/Mjy is virtually abelian ?

Denote by Cj the index two subgroup of C; that acts on Ty in a type preserving
way. Recall that M; contains W N C’j [LMZ94], Proposition 5.1]. A positive answer
to the following question could be seen as an analogue of Theorem 5.4 in [BELB™ 25|
for the group Cjy.

Question 4.7. Is the monolith M, equal to the subgroup of C’CJ[ generated by sub-
groups of C’j that are commensurable with W N C:[ ?

The subgroup described above is normal in Cy, and hence contains My. The
question asks if it is contained in Mj.

4.4. Consequences of Theorem (1| Let I' be a cocompact lattice in G = Aut(Ty),
and C = Commg(I") its commensurator. Let C/T" denote the completion of C' with
respect to I', and 7o : €' — C/T the associated homomorphism. We refer to Section
3 in [SW13| for basic properties. The group C//T' is a totally disconnected locally
compact group. The image of C' in C/T is dense, and the subgroup U := 7¢ () is
a compact open subgroup of C'//T" with the property that Té}—\(U) =T.

Corollary 4.8. Let T' be a cocompact lattice in G = Aut(T}y), and C = Commg(T).
Then the group C )T admits an open normal subgroup such that the associated quotient
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is a free abelian group of infinite rank. In particular CJJT is not virtually topologically
simple.

Proof. Let N be the normal subgroup of C afforded by Theorem So C/N is
free abelian of infinite rank. Moreover there is a finite index subgroup of I' that
is contained in N. This follows by the construction of N, but this is also conse-
quence of [LMZ94 Proposition 5.1], or [CS14, Theorem 1.1, or [Cap20, Theorem
A.1]. Since C/N is torsion free, actually I' < N. It follows that the C-equivariant
map C/I' = C/N induces a continuous surjective homomorphism C /I — C/N with
kernel ¢ r(NN) [SW13, Lemma 3.8]. This shows the statement. O
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